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Abstract
In this paper we generalize Bor’s result by using the correct definition of absolute summability.
c© 2007 Elsevier Ltd. All rights reserved.
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Recently Bor [1] generalized a result of Sulaiman [3]. Unfortunately he used an incorrect definition of absolute
summability. In this paper we obtain the corresponding result for a lower triangular matrix using the correct definition
(see, e.g. [2]). We obtain the correct form of [1] as a corollary.
Let T be a lower triangular matrix, {sn} a sequence. Then we put
Tn :=
n∑
ν=0
tnνsν .
A series
∑
an is said to be summable |T |k, k ≥ 1, if
∞∑
n=1
nk−1|Tn − Tn−1|k <∞. (1)
We may associate with T two lower triangular matrices T and Tˆ defined as follows:
t¯nν =
n∑
r=ν
tnr , n, ν = 0, 1, 2, . . . ,
and
tˆnν = t¯nν − t¯n−1,ν, n = 1, 2, 3, . . . .
We may write
Tn =
n∑
ν=0
anν
ν∑
i=0
aiλi =
n∑
i=0
aiλi
n∑
ν=i
aν =
n∑
i=0
a¯niaiλi .
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Thus
Tn − Tn−1 =
n∑
i=0
a¯niaiλi −
n−1∑
i=0
a¯n−1,iaiλi
=
n∑
i=0
a¯niaiλi −
n∑
i=0
a¯n−1,iaiλi
=
n∑
i=0
(a¯ni − a¯n−1,i )aiλi
=
n∑
i=0
aˆniaiλi =
n∑
i=1
aˆniλi (si − si−1)
=
n∑
i=1
aˆniλi si −
n∑
i=1
aˆniλi si−1
=
n−1∑
i=1
aˆniλi si + aˆnnλnsn −
n∑
i=1
aˆniλi si−1
=
n−1∑
i=1
aˆniλi si + annλnsn −
n−1∑
i=0
aˆn,i+1λi+1si
=
n∑
i=1
(aˆniλi − aˆn,i+1λi+1)si + annλnsn .
We may write
(aˆniλi − aˆn,i+1λi+1) = aˆniλi − aˆn,i+1λi+1 − aˆn,i+1λi + aˆn,i+1λi
= (aˆni − aˆn,i+1)λi + aˆn,i+1(λi − λi+1)
= λi1i aˆni + aˆn,i+11λi .
Therefore
Tn − Tn−1 =
n−1∑
i=0
1i aˆniλi si +
n−1∑
i=1
aˆn,i+11λi si + annλnsn
= Tn1 + Tn2 + Tn3, say.
A triangle is a lower triangular matrix with all nonzero main diagonal entries.
Theorem 1. Let A be a lower triangular matrix with nonnegative entries satisfying
(i) a¯n0 = 1, n = 0, 1, . . . ,
(ii) an−1,ν ≥ anν for n ≥ ν + 1, and
(iii) nann = O(1).
Let {Xn} be given sequence of positive numbers and let sn = O(Xn) as n → ∞. If (λn)n≥0 is a sequence of
complex numbers such that
(iv)
∑∞
n=1 ann(|λn|Xn)k <∞, and
(v)
∑∞
n=1 Xn|4λn| <∞,
then the series
∑
anλn is summable |A|k, k ≥ 1.
Proof. To prove the theorem it will be sufficient to show that
∞∑
n=1
nk−1|Tnr |k <∞, for r = 1, 2, 3.
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Using Ho´lder’s inequality, (iii), and (iv),
I1 :=
m+1∑
n=1
nk−1|Tn1|k ≤
m+1∑
n=1
nk−1
(
n−1∑
i=0
|1i aˆni ||λi ||si |
)k
≤
m+1∑
n=1
nk−1
(
n−1∑
i=0
|1i aˆni ||λi |k(X i )k
)(
n−1∑
i=0
|1i aˆni |
)k−1
.
From (ii)
1i aˆnν = aˆni − aˆn,i+1
= a¯ni − a¯n−1,i − a¯n,i+1 + a¯n−1,i+1
= ani − an−1,i ≤ 0.
Thus, using (i),
n−1∑
i=0
|1i aˆni | =
n−1∑
i=0
(an−1,i − ani ) = 1− 1+ ann = ann .
Using (iv),
I1 := O(1)
m+1∑
n=1
(nann)k−1
n−1∑
i=0
|1i aˆni ||λi |k(X i )k
= O(1)
m∑
i=0
(X i |λi |)k
m+1∑
n=i+1
(nann)k−1|1i aˆni |
= O(1)
m∑
i=0
ai i (|λi |X i )k
= O(1).
By Ho´lder’s inequality, (iii) and (v),
I2 :=
m+1∑
n=1
nk−1|Tn2|k ≤
m+1∑
n=1
nk−1
∣∣∣∣∣n−1∑
i=0
aˆn,i+1si1λi
∣∣∣∣∣
k
≤
m+1∑
n=1
nk−1
(
n−1∑
i=0
|aˆn,i+1||1λi ||si |
)k
≤
m+1∑
n=1
nk−1
(
n−1∑
i=0
|aˆn,i+1||1λi |X i
)(
n−1∑
i=0
|aˆn,i+1||1λi |X i
)k−1
.
From the definition of Aˆ and A¯, and using (i) and (ii),
aˆn,i+1 = a¯n,i+1 − a¯n−1,i+1
=
n∑
ν=i+1
anν −
n−1∑
ν=i+1
an−1,ν
= 1−
i∑
ν=0
anν − 1+
i∑
ν=0
an−1,ν
=
i∑
ν=0
(
an−1,ν − an,ν
) ≥ 0. (2)
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Using (i)
aˆn,i+1 =
i∑
ν=0
(
an−1,ν − an,ν
)
≤
n−1∑
ν=0
(
an−1,ν − an,ν
)
= 1− 1+ ann . (3)
Therefore
I2 := O(1)
m+1∑
n=1
(nann)k−1
n−1∑
i=0
aˆn,i+1|1λi |X i
= O(1)
m∑
i=1
|1λi |X i
m+1∑
n=i+1
(nann)k−1aˆn,i+1,
= O(1)
m∑
i=1
|1λi |X i
m+1∑
n=i+1
aˆn,i+1.
From (2)
m+1∑
n=i+1
(
i∑
ν=0
(an−1,ν − anν)
)
=
i∑
ν=0
m+1∑
n=i+1
(an−1,ν − anν)
=
i∑
ν=0
(ai,ν − am+1,ν)
≤
i∑
ν=0
ai,ν = 1. (4)
Hence
I2 := O(1)
m∑
i=1
|1λi |X i ,
= O(1).
Using (iii) and (iv),
m+1∑
n=1
nk−1|Tn3|k ≤
m+1∑
n=1
nk−1|annλnsn|k
= O(1)
m∑
n=1
(nann)k−1ann(|λn|Xn)k
= O(1)
m∑
n=1
ann(Xn|λn|)k,
= O(1). 
Corollary 1. Let {pn} be a positive sequence such that Pn :=∑nk=0 pk →∞, and satisfies
(i) npn = O(Pn).
Let {Xn} be given sequence of positive numbers and let sn = O(Xn) as n → ∞. If (λn)n≥0 is a sequence of
complex numbers such that
(ii)
∑∞
n=1
pn
Pn
(|λn|Xn)k <∞, and
E. Savas¸ / Computers and Mathematics with Applications 53 (2007) 1045–1049 1049
(iii)
∑∞
n=1 Xn|4λn| <∞,
are satisfied, then the series
∑
anλn is summable |N , pn|k, k ≥ 1.
Proof. Condition (iii) of Corollary 1 is condition (v) of Theorem 1. Conditions (i) and (ii) of Theorem 1 are
automatically satisfied for any weighted mean method. Conditions (iii) and (iv) of Theorem 1 become, respectively,
conditions (i) and (ii) of Corollary 1. 
It should be noted that, in [1], an incorrect definition of absolute summability was used. Corollary 1 gives the
correct version of Bor’s theorem.
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